
Detailed Expressions and Methodologies for Measuring Flare
Combustion Efficiency, Species Emission Rates, and Associated
Uncertainties
Darcy J. Corbin and Matthew R. Johnson*

Energy & Emissions Research Lab, Mechanical and Aerospace Engineering, Carleton University, 1125 Colonel By Drive,
Ottawa, Ontario K1S 5B6, Canada

*S Supporting Information

ABSTRACT: Two complementary analytical methods for quantifying carbon conversion efficiency and species emission rates of
gas flares in the form of turbulent nonpremixed flames are derived and tested experimentally. Full mathematical expressions for
partial derivative terms necessary to facilitate quantitative uncertainty analysis are also derived and presented as Supporting
Information. Key assumptions are individually tested and the resulting generalized expressions are quantitatively compared with
several other simplified expressions for calculating flare efficiency found in the literature. The first approach uses a carbon-balance
approach to link measured concentrations of diluted combustion products to known flare gas outlet conditions while considering
both the dilution of the combustion products and ambient levels of relevant species in the dilution and combustion air. This
method is further extended to allow explicit consideration of solid-phase black carbon (soot) that may be present in the products.
A second distinct method utilizes a tracer gas injected into the diluted plume to enable quantification of species emission rates
from the combustion process directly. Experiments reveal how the two approaches each have advantages in different situations
allowing experiments to be better optimized to reduced uncertainties. In addition, the tracer injection method is extensible for
use in quantifying efficiencies and liquid-fallout on flares burning a mixed-phase fuel stream.

1. INTRODUCTION

Flaring is the practice of burning unusable or unwanted
flammable gas which might otherwise be vented directly to the
atmosphere. Ideally, the combustion process would convert
100% of fuel-bound carbon to carbon dioxide. However, under
certain conditions (e.g., strong crosswind, low heating value,
excess steam- or air-assist) the carbon conversion efficiency can
be reduced1−6 and the portion of unburned or partially reacted
species leaving the flare can increase. Of particular interest
are the potential release of unburned methane1 and black
carbon,7−9 both of which are potent short-lived climate forcing
agents.10

This paper develops and critiques analytical methods for
calculating carbon conversion efficiencies and species emission
rates from unconfined, nonpremixed jet flames using gas and
particulate samples collected from the plume. The methods
each use a system of species conservation equations considering
various plume constituents to determine the overall rate of
conversion of fuel-bound carbon to carbon dioxide. The robust-
ness of the methods was analyzed using prescribed synthetic
test data to mimic the combustion process over a range of
anticipated potential conditions and subsequently tested in lab-
scale experiments. A quantitative uncertainty analysis was also
performed for the various test conditions, and the appropriate-
ness of each method for use in further lab and field experiments
is discussed.

2. THEORY

Combustion efficiency, η, can be defined in different ways,
however, for the current analysis it will be defined as carbon

conversion efficiency which compares the mass of fully oxidized
carbon (i.e., mass of carbon within carbon dioxide) produced
by combustion to the mass of carbon in the form of hydro-
carbons in the fuel stream:11

η = ×[%]
mass of carbon in produced CO

mass of carbon in hydrocarbon fuel stream
1002

(1)

It is noted that, for cases where η < 100%, this definition
does not impose any restrictions on the composition or phase
of incomplete combustion products. In general these products
may include gas phase species such as carbon monoxide and
unburned or reformed hydrocarbons, as well as particulate
phase soot. In some situations, it may also be useful to define a
destruction removal efficiency of any combustible species i in
the fuel stream (DREi) as

= − ×
⎛
⎝⎜

⎞
⎠⎟

i
i

DRE [%] 1
production rate of species

flow rate of species in the fuel stream
100i

(2)

2.1. General Combustion Efficiency and Species
Conservation Equations. Incomplete combustion of a
general hydrocarbon fuel or fuel blend (CxHy) can be sum-
marized with the following global combustion equation:
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The potential products of incomplete combustion may
take the form of carbon monoxide (CO), unburned methane
(CH4), unburned and/or reformed gas-phase non-CH4 hydro-
carbons (CmHn), and carbon in the form of soot (C(s)). It is
noted that the form of any unburned hydrocarbon species is
not restricted to the same form as the hydrocarbons entering in
the fuel stream (CxHy) or entrained in the ambient air. The
summation term, ∑m,ngm,nCmHn, is thus used to represent all
produced non-CH4 hydrocarbons. The utility of separating
CH4 and C(s) from CmHn in eq 3 will become apparent further
in the development where C(s) may be neglected for the
purpose of considering gas-phase-only species, and where the
influence of ambient concentrations of CH4 may be directly
considered while ambient concentrations of other species are
deemed negligible.
Figure 1 shows a schematic of an arbitrary control volume

(CV, represented by the dashed blue line) enclosing the flame,

within which all chemical reactions and product dilution occur.
The figure introduces various mass flow rates (ṁ) that are
important to consider for use throughout the manuscript. Flare
gas (ṁFG), and an unknown flow rate of ambient air (ṁ∞),
enter the CV. Inside the CV, the flare gas is split into hydro-
carbons (ṁCxHy,FG) and diluents ({ṁFG}inert) that may be
present. The ambient air is split into air involved directly in
the combustion process (ṁcombustion air) and air entrained during
subsequent dilution of the combustion products (ṁdilution air).
The two constituents of the flare gas stream combine with the
combustion air and react to release a variety of combustion
products (ṁproduced) as well as any inert species originating in
the flare gas. The products are then diluted by the remainder of
the ambient air entering the control volume before exiting as
the overall plume flow rate (ṁplume).
By considering the CV shown in Figure 1, an expression for

the overall mass balance can be derived as follows:

̇ = ̇ + ̇∞m m mplume FG (4)

Although the present equations are derived with the intent of
evaluating combustion from nonpremixed turbulent diffusion
flames such as gas flares, the application of the CV illustrated in
Figure 1 and the overall mass balance defined by eq 4 are not
necessarily restricted to nonpremixed combustion. Since the

choice of CV does not specify whether the mixing of fuel and
oxidizer occur across a flame front, as in a nonpremixed con-
figuration, or upstream of the flame, as in a premixed flame, the
developed equations may thus be extended to any general
hydrocarbon/oxygen combustion system.
Similarly, a species mass balance can be developed for

individual species relevant to the combustion process. The mass
emission rate of a species i as a component of the diluted
combustion products can be written as Yi,plumeṁplume, where Y is
mass fraction and Yi,plume represents the mass fraction of species
i in the diluted plume. The specific species emission rate will
depend on the chemical production rate (positive or negative)
of species i, ṁi,produced; the potential emissions of species i as an
inert component of the fuel (i.e., as would occur in a fuel
stream containing CO2 diluent), {Yi,FGṁFG}inert, and the rate at
which species i is entrained into the plume as an ambient
constituent of the entrained air, Yi,∞ṁ∞.

̇ = ̇ + ̇ + ̇∞ ∞Y m m Y m Y m{ }i i i i,plume plume ,produced ,FG FG inert , (5)

Equation 5 implicitly assumes that any trace species (e.g.,
hydrocarbons or CO2) present in the combustion air as a
constituent of ṁ∞ do not react. Any potential contribution to
the species mass balance due to reactions of these trace species
in the combustion air would be negligible relative to the mass of
these same species present in air entrained into the plume.12

Equation 5 further assumes that the constituents of the plume
are well mixed such that the composition may be described
using a single mass fraction for each species. This well-mixed
state is readily achieved in the present experiments where the
entire plume is captured and mixed in a duct prior to sampling,
and the implications for other sampling systems are further
discussed in section 2.2 below.

2.2. Combustion Efficiency and Species Emission
Rates Assuming Gas Phase Only Combustion Products.
The initial base case for analysis considers gas-phase products
of combustion only, and inherently assumes that any non-
gaseous species have negligible contribution to the overall
carbon mass balance. This scenario is relevant to flares burning
primarily “light” methane-based solution gas, which is a typical
flare gas composition in the upstream oil and gas industry.13

Available experimental data for turbulent nonpremixed flames
burning light hydrocarbon fuels confirm that the proportion of
carbon mass emitted in the form of soot is likely negligible.
Furthermore, experiments by Pohl et al.6 on propane- and
propane/nitrogen-fueled vertical diffusion flames established on
3−12″ diameter flare burners suggest that soot accounts for less
than 0.5% of the fuel carbon mass for these flames. More recent
experiments7 on lab-scale flares (1−2″ diameter) burning
primarily methane mixtures consistent with compositions
entering solution gas flares in the Alberta upstream petroleum
industry,13 suggest that soot will account for no more than 0.1%
of the combusted carbon by mass.
By considering only gas phase products of combustion, eq 3

simplifies to

∑+ = + + + +b d e f gC H O CO H O CO CH C Hx y
m n

m n m n2 2 2 4
,

,

(6)

Using the relationship between mole and mass fractions, eq 5
can be more conveniently written in molar form since typical
gas analyzers measure volume or mole fraction:

̇ = ̇ + ̇ + ̇∞ ∞X n n X n X n{ }i i i i,plume plume ,produced ,FG FG inert , (7)

Figure 1. Control volume (CV, indicated by dashed blue line) for
combustion process illustrating the overall mass balance defined by
eq 3 (sum of terms outside CV) and the breakdown of terms relevant
to the species mass balance defined by eq 4.
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where Xi denotes the mole fraction of species i, and n ̇ denotes
molar flow rate. The definition of combustion efficiency, eq 1,
can similarly be rewritten in molar form where XCxHy,FG is the
mole fraction of hydrocarbon CxHy in the fuel stream and x is
the relevant carbon coefficient:

η =
̇

̇
×

n

x X n
[%]

( )
100CO ,produced

C H ,FG FGx y

2

(8)

Destruction efficiency can also be expressed in molar form
where Xi,FG is the mole fraction of species i in the fuel stream:

= −
̇

̇
×

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

n

X n
DRE[%] 1 100i

i

,produced

,FG FG (9)

In the current lab-scale experiment, the flare is centered under a
large collection hood connected to a variable speed exhaust
extraction system. The flow rate of the exhaust plume can be
directly controlled to provide the lowest possible dilution for a
given fuel flow rate, while still capturing the entire product
plume. The sampling point is more than 10 m downstream of
the duct entrance, and during commissioning of the facility,
sample probes were traversed across the duct to verify that gas
species mole fractions and soot volume fractions were
consistent across the diameter over the range of test conditions.
More generally, in other laboratory setups or especially in

field measurement scenarios, it is likely impossible to capture
the entire plume. If only a portion of the plume is captured for
sampling (e.g., as would occur if single point samples were
drawn from a region of the plume), then eq 5 can still
be applied so long as the measured species mole fractions in the
captured portion of the plume are assumed to be equal to the
mean species mole fractions of the entire plume. Alternatively,
the developed equations remain valid for determining local
combustion or destruction removal efficiencies at a point in
the plume, although it should be noted that the relationship
between local and overall efficiencies is not necessarily
straightforward if spatial variations in velocity and species
concentrations in the plume are significant. While experiments
in low-turbulence wind tunnels12 have shown that the plume of
a lab-scale flare may be quite inhomogeneous in the near field
of the flame (sampling from 1.17 to 1.38 flame lengths down-
stream of burner exit), these same data suggest that samples
drawn from a central region of the plume are representative of
the plume as a whole. This latter approach was used in recent
field measurements14 where a 50.8 cm sample intake was used
to capture 15−20% of the product volume at several meters
(>2 flame lengths) from the burner exit. The sampling system
was designed with the intent of sampling a large volume of
plume and forcing mixing before the sample was measured.
Although possible inhomogeneity of the plume as a function of
sampling location was not investigated,15 additional review of
the results from this study suggest that the relative levels of
carbon-based species (ratio of CO to CO2 for example) in the
measured plume were well-correlated and independent of time
and dilution.
The gas-phase species mole fractions of relevant species in

the diluted plume: XCO2
, XCO, XCH4

, and XCmHn
are all directly

measurable using gas analyzers. The flow rate and composition
of flare gas are also directly measurable, meaning x, XCxHy,FG,
{Xi,FG}inert, MFG, and ṅFG are also known. By rearranging eq 7 in
terms of the species production rate and combining with eq 4

to eliminate the entrained air term, a carbon balance can be
derived in which the only unknown term is the plume flow rate.

∑

∑

̇ = # − ̇

+ # ̇

− ̇

∞
∞

∞
∞

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

x X n X X
M

M
n

X
M
M

n

X n

( )

{ }

i
C i i i

i
C i i

C H ,FG FG , ,plume ,
plume

plume

, ,
FG

FG

CO ,FG FG inert

x y

2 (10)

where #C,i indicates the number of carbons per molecule of
each species in the plume (ie. #C,i = 1 for CO2 and #C,i = m for
CmHn) and CO2 is assumed to be the only potential carbon-
based inert species in the flare gas.
Equation 10 explicitly considers species mole fractions

measured in the plume, the exact dilution of the products of
combustion, and the contribution by ambient species in the
entrained air to the determination of combustion efficiency.
However, the overall mass balance brings in the molecular

mass of the plume, Mplume, which is unknown and depends on
the dilution ratio (where dilution ratio is defined as the volume
of air diluting the combustion products over the volume of
combustion products) and specific chemical composition of the
products. If gas analyzers are capable of measuring water vapor
in the plume, Mplume can be directly calculated based on the
measured volume fraction of CO2, CO, CH4, CmHn, and H2O
with the assumption that the ratio of N2 to O2 in the atmo-
sphere is fixed. Alternatively, it is simpler and ultimately
accurate to assume that the molecular mass of the plume is
equivalent to that of the ambient air. Even at a low dilution
ratio of 10 (which would be difficult to achieve in a practical
experiment), the deviation in calculated molar mass of the
plume versus that of air is less than 0.5% for flare efficiencies
above 80%. The influence of this assumption is further damped
in the calculation of efficiency, such that the resultant absolute
bias error in the calculated efficiency is less than 5 × 10−3

at an efficiency of 80% and dilution ratio of 10. The effect of
assuming Mplume = M∞ is even less pronounced at higher
efficiencies and/or higher dilution ratios. With the assumptions
that Mplume = M∞ the plume flow rate can be explicitly solved
for as shown below.

∑

̇ = ̇ + ̇

− + +

+ # ̇

− +

∞ ∞ ∞

∞
∞

∞

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

n x X n X n

X X X

X
M
M

n

X X A

( )

(

)

/

m n
C

plume,gas C H ,FG FG CO ,FG FG

CO , CO, CH ,

,
,C H C H ,

FG
FG

CO ,plume CO ,

x y

m n m n

2

2 4

2 2

(11)

where

∑
= − + −

+ # −

∞ ∞

∞

A X X X X

X X

(

( ))
m n

C

CO,plume CO, CH ,plume CH ,

,
,C H C H ,plume C H ,m n m n m n

4 4

By substituting the plume flow rate into the species balance
equation for CO2, the efficiency defined in eq 8 can be ex-
pressed explicitly as
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where

∑
= − + −

+ # −

∞ ∞

∞

A X X X X

X X

(

( ))
m n

C

CO,plume CO, CH ,plume CH ,

,
,C H C H ,plume C H ,m n m n m n

4 4

= − ∞B X X( )CO ,plume CO ,2 2

and

∑= + + #D X X X( )
i

CCO,plume CH ,plume ,C H C H ,plumem n m n4

In eq 12, it can be noted that all rate terms (fuel hydrocarbon
flow rate and gross fuel flow rate) have been removed from the
equation and only rate independent mole fractions remain. The
conversion efficiency is thus a function of the carbon-based
species mole fractions in the plume and ambient air as well as
the flare gas composition.
With the plume flow rate defined per eq 11, the emission rate

of any species, whether carbon-based or not (e.g., nitric oxide),
can be determined by rearranging eq 7 as follows.

̇ = − ̇

−
̇

+
̇

∞

∞
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⎛
⎝
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m M X X n

X
m
M

X
m
M
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,FG
FG

FG inert
,
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(13)

Using eq 13 and the plume flow rate defined by eq 11, the
destruction removal efficiency (DREi) of any combustible
species i present in the flare gas can be defined as

= − +

× − + +

− +

− + ×

∞ ∞
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where

∑
= − + −

+ # −
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A X X X X

X X

(
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C
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,

,C H C H ,m n m n4

In cases where the combustion efficiency is suitably high, it
may be sufficiently accurate and simpler to assume 100%
combustion efficiency when calculating the plume flow rate. In
this case the carbon balance for combustion considers only
CO2 as a product, and eq 11 simplifies to

̇

=
̇ + ̇ − ̇

−
∞

∞

∞

n

x X n X n X n

X X

( )

( )

M
M

plume,100%

C H ,FG FG CO ,FG FG CO , FG

CO ,plume CO ,

x y 2 2

FG

2 2

(15)

The assumption of 100% combustion efficiency can then be
relaxed, and eq 15 used instead of eq 11 in combination with
eq 13 to derive production rates of other species from their change
in measured mole fractions in the plume relative to ambient.
Quantification of the uncertainty in the measured plume flow

rate defined by eq 11, combustion efficiency defined by eq 12,
gaseous species mass emission rate defined by eq 13, and
flare gas species destruction removal efficiency eq 14 can be
accomplished using expressions developed in the Supporting
Information (SI). The uncertainty on combustion efficiency can
be calculated following the instructions in section S.1 in the SI
with systematic error defined by eq (S.5) in the SI. For plume
flow rate, the uncertainty can be evaluated following the
instructions in section S.2 in the SI with systematic error
defined by eq (S.7) in the SI. The uncertainty of gas-phase
species emission rates can be calculated following the instruc-
tions in section S.4.1 in the SI for noncarbon-based species, or
section S4.2 in the SI for carbon-based species with systematic
error defined by eqs (S.10) or eq (S.13) in the SI respectively.
Similarly, the systematic error for the DRE of a noncarbon-
based flare gas species is defined by eq (S.12) in the SI and of a
carbon-based flare gas species by eq (S.15) in the SI.

2.3. Comparison with Simplified Expressions for
Combustion Efficiency Used in Other Works. A number
of different expressions for efficiency have been employed by
previous researchers, each of which relies on various simplifica-
tions to the method outlined above. The simplifications range
from neglecting only the ambient species present in the com-
bustion air to neglecting all ambient concentrations completely,
and none of these methods is directly applicable to fuel streams
which contain CO2. To the authors’ knowledge, no previous
studies have attempted a comprehensive uncertainty analysis of
the methods employed, with the possible exception of
Bourguignon et al.,11 who considered the uniquely specific
problem of flare efficiency measurements in a closed-loop
windtunnel. This is not necessarily surprising given the inherent
difficulty in fully accounting for entrained ambient species in
situations where sampling rates, entrainment rates, and
combustion efficiency are all unknown. One of the most
robust analysis of combustion efficiency found in the litera-
ture12 neglects the presence of ambient species in the combus-
tion air itself and the possibility of CO2 as a fuel diluent. An
oxygen balance is used to estimate a product dilution factor and
corrects the contribution of ambient species to plume levels
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using this factor. Similarly, the method employed by Pohl et al.6

corrects for the influence of ambient species concentrations on
measured plume dilution by using the theoretical production/
consumption of carbon dioxide or oxygen assuming complete
combustion to determine a dilution factor. In the mid-1980s
EPA flare study,16 ambient concentrations of all major species
were considered by directly subtracting background levels from
measured plume values, although the mass balance includes a
minor assumption that the volume of combustion air and the
ambient species entrained with it are negligible compared to
amounts entrained for dilution. In the efficiency calculations
shown in the published overview of the recent TCEQ flare
study,14 only ambient CO2 was considered

4 while other ambient
species were neglected. The equation for combustion efficiency for
lab-scale and field measurements reported by Strosher17 includes
no explicit correction for ambient concentrations of carbon-
containing species. The combustion efficiency expressions used
in the respective studies are summarized in Table 1.
The effect of neglecting or partially neglecting ambient

concentrations on the calculated efficiency will vary with both
the level of ambient species and the dilution of the products

with entrained air. Each species in the efficiency equations of
Table 1 is implicitly or explicitly multiplied by its respective
carbon number, #C,i. CO2, CO, and CH4 each has a carbon
number of one (one carbon atom per molecule), while #C,i > 1
for higher hydrocarbons. Thus, the effect of neglecting one ambient
CO molecule is equivalent to neglecting one CH4 molecule, with
each having half the effect of an ethane (C2H6) molecule (#C,i = 2).
Figure 2a shows the discrepancy between efficiencies calculated
using the equations above and the actual efficiency as a function of
dilution ratio assuming nominal ambient concentrations of CO2 =
400 ppmv, CO = 1.5 ppmv,

18 and CH4 = 1.8 ppmv.
19 Figure 2b

shows the different bias errors incurred if CO2 is present in the
flare gas at 5% by volume. The efficiency expressions defined by
McDaniel16 and Pohl et al.6 have distinct bias errors, however the
differences are negligible over the conditions shown in Figure 2.
Although the maximum dilution ratio in the present experiments is
216, recent airborne field measurements using highly sensitive
cavity ringdown gas analyzers20 suggests that dilution ratios of 1000
or more may be relevant in other settings.
For all of the methods, increased ambient levels of any

species that are present as products of incomplete combustion

Table 1. Various Combustion Efficiency Expressions

McDaniel16 −
− + − + ∑ # − ∑ # +

∞

∞ ∞ ∞

X X

X X X X X X sootm n C m n C

CO ,plume CO ,

CO ,plume CO , CO,plume CO, , ,C H C H ,plume , ,C H C H ,m n m n m n m n

2 2

2 2

Pohl6 + −
+ + + ∑ # + − + + ∑ #

∞

∞ ∞ ∞

X X

X X X X X X

(DF 1) (DF)

(DF 1)( soot) (DF)( )m n C m n C

CO ,plume CO ,

CO ,plume CO,plume , ,C H C H ,plume CO , CO, , ,C H C H ,m n m n m n m n

2 2

2 2

=
−

−
=

∞

X X

X X
where DF i i

i i

,plume ,SR 1,theoretical

, ,plume

Poudenx12 α
α

− −
+ + ∑ # − − + + ∑ #

∞

∞ ∞ ∞

X X

X X X X X X

(1 )

(1 )( )m n C m n C

CO ,plume CO ,

CO ,plume CO,plume , ,C H C H ,plume CO , CO, , ,C H C H ,m n m n m n m n

2 2

2 2

α = −
∞

X

X
where 1 O ,plume

O ,

2

2

Strosher17

+ + ∑ # +
X

X X X sootm n C

CO ,plume

CO ,plume CO,plume , ,C H C H ,plumem n m n

2

2

Torres et al.4 −
− + + ∑ #

∞

∞

X X

X X X Xm n C

CO ,plume CO ,

CO ,plume CO , CO,plume , ,C H C H ,plumem n m n

2 2

2 2

Figure 2. Potential bias errors incurred when using different efficiency expressions (McDaniel,16 Pohl,6 Torres,4 and Strosher17) as a function of
dilution ratio for nominal ambient concentrations of CO2 = 400 ppmv, CO = 1.5 ppmv, and CH4 = 1.8 ppmv, where the flare gas contains (a) no CO2
and (b) 5% CO2.
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and not corrected for in the equations will result in additional
underestimation of the combustion efficiency. Similarly,
increased levels of carbon dioxide in the ambient air will result
in overestimation of combustion efficiency for methods that do
not explicitly include correction for ambient CO2 levels. If
carbon dioxide were present as a fuel diluent, this would induce
further bias as it is unaccounted for in the final forms of the
equations shown above. Across all dilution ratios and levels of
carbon dioxide diluent, the generalized method derived in this
paper is able to determine gaseous combustion efficiency within
a maximum bias error of less than 5 × 10−3% (e.g., efficiency
[%] of 95 ± 0.005).
2.4. Combustion Efficiency and Species Emission

Rates with in Situ Black Carbon Measurement. The
calculation approach derived in section 2.2 can be further
extended to include direct measurements of emitted carbon
mass in the form of soot. Revised species balances as well as a
general mass balance are used to produce a carbon balance,
which allows for closed forms of plume flow rate, combustion
efficiency, and species production rates to be developed. This
method includes the same assumptions as the gaseous phase
only equations derived in section 2.2, namely nonreacting
ambient species, the molar mass of the plume being equivalent
to the ambient value, along with the additional assumption that
ambient levels of soot in the entrained air can be neglected.
The global combustion expression given by eq 3 is utilized,
which includes all gas species as well as soot, resulting in mixed-
phase products. In the present analysis soot is considered as
solid phase molecular carbon, which is consistent with
measurements made with laser-induced incandescence (LII).
The species balance equation for soot is

ρ ̇ = ̇f Q M nvC ,plume plume C C ,produced(s) (s) (s) (16)

where f v,plume, is the soot volume fraction in the plume which
may be measured using LII or other techniques and ρC(s)

is the
density of soot which has an assumed9 value of 1860 kg/m3

with an approximate normally distributed standard deviation of
120 kg/m3.
Using the carbon balance technique outlined in a previous

section, the plume flow rate can be modified for the inclusion of
produced soot:
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In eq 17, it is implicitly assumed that the sampled volume of
soot particles is negligible relative to the sampled gas volume,
such that gaseous species mole fractions obtained using typical
gas analyzers which require filtered samples free from
particulate are equal to the mole fractions in an unfiltered
sample. This is quite reasonable given that measured volume

fractions of soot in the plume are typically of the order of parts
per million or less. It is further noted that the use of eq 17
requires measurement of the plume temperature, Tplume, and
static pressure, Pplume, which are necessary to convert the
measured soot volume fraction to moles of carbon. Addition-
ally, a correction to the soot volume fraction measured by the
LII (or other instrument) must be made to account for
differences in temperature between the measurement cell and
the plume21 as defined below.

=f f
T

Tv v,plume ,measured
sample

plume (18)

From eqs 17 and 18, the new closed form equation below
can be developed to evaluate combustion efficiency with the
inclusion of direct soot measurement.
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Similar to the scenario in which only gas-phase species are
considered, using eq 13 and the plume flow rate defined by
eq 17, the destruction removal efficiency (DREi) of any com-
bustible species i present in the flare gas can be defined as
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Production rates for a general gas species can be calculated
using eq 13 using the plume flow rate term defined by eq 17.
Finally, the production rate of soot can be directly calculated as

ρ̇ = ̇m f
R T

P
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u
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sample

plume
plume,gas(s) (s)

(21)

Quantification of the uncertainty in the measured plume flow
rate defined by eq 17, combustion efficiency defined by eq 19,
DRE defined by eq 20, and black-carbon emission rate defined
by eq 21 can be accomplished using expressions developed in
the SI. The uncertainty on combustion efficiency can be cal-
culated following the instructions in section S.1 of the SI with
systematic error defined by eq (S.5) in the SI. The uncertainty
on the plume flow rate can be calculated following the
instructions in section S.2 of the SI with systematic error
defined by eq (S.7) in the SI. For black carbon emission rate,
the uncertainty can be evaluated following the instructions in
section S.4.2 of the SI with the systematic error defined by
eq (S.14) in the SI.
2.5. Efficiency Measurements Using a Tracer Injection

for Plume Flow Rate Measurement. Although the gener-
alized carbon balance methods outlined in sections 2.2 and 2.3
are suitable for a wide variety of applications, there are cases
where an alternate method is desirable, which does not rely on
an explicit carbon balance as in eq 10. This would include a
situation in which the fuel stream contains a significant liquid
fraction that may pass through the flame without burning, and
subsequently fall to the ground rather than being entrained with
the product plume. Closing the carbon balance via direct mea-
surement of all emitted carbon containing species would not be
practically feasible in this situation. However, a substitute equa-
tion to use with the system of mass balance equations can be
derived following an injection of a nonreacting, measurable gas
tracer species into the sampling system that is otherwise not
present at appreciable concentrations in ambient air or the products
of combustion. Depending on the available measurement tech-
nology, it may also be possible to achieve lower overall un-
certainties via a tracer-based approach as demonstrated in section 4.
By injecting the gaseous tracer directly into the sampling

duct, a simple species mass balance for determining the gas flow
rate of the sampled plume can be derived, eq 22, and used to
directly quantify the molar flux of captured plume (and hence
the molar flux of captured fuel-based carbon).
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− *

̇

n
X

X X
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M
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tracer tracer
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In eq 22, Xtracer is the measured mole fraction of tracer in the
sampling duct while the tracer is being injected, and Xtracer* is the
mole fraction of tracer in the plume prior to tracer injection
(i.e., when ṁtracer = 0). Depending on the choice of tracer
species, this background term may be negligible. The un-
certainty in the measured plume flow rate, defined by eq 22,
can be quantified following the instructions in section S.3 of
the SI with systematic error defined by eq (S.8). Corresponding
uncertainties in gas-phase species or black-carbon emission
rates (defined by eqs 13 and 21), where the plume flow rate is
calculated using the tracer-injection method, can be quantified
following the instructions in section S.4.1 in the SI with
systematic error defined by eqs (S.10) or (S.11) in the SI for
gas-phase species and black carbon, respectively. The un-
certainties in flare gas species DRE can quantified following the
instructions in section S.4.1 of the SI with systematic error
defined by eq (S.12) in the SI.
In an experiment where 100% of the plume-borne carbon is

captured (gas and particulate phase), the plume molar flow rate
defined in eq 22 can be used in conjunction with eq 13 to
calculate species emission rates, which can then be used to
determine combustion efficiency via eq 8. Similarly, the destruc-
tion removal efficiency for a given flare gas species (eq 2) may
be calculated using eq 13 in conjunction with eq 22 to calculate
the production rate, and dividing by the flow rate of that species
in the flare gas. As shown in the results, this method may lead
to reduced uncertainties in calculated species production rates
depending on the dilution ratio of the sample and the relative
concentrations of species in the plume being measured. Fur-
thermore, as noted above, this tracer-based measurement
technique could be utilized with a sampling system capable of
capturing 100% of the plume-borne carbon (i.e., gaseous
species and soot) to quantify hydrocarbon fallout if liquid con-
stituents were present in the flare stream. In this scenario, the
fuel to product mass balance could be closed by directly
measuring the plume flow rate via eq 22 and assuming any
carbon not captured was in the form of liquid fallout.
The global combustion equation for a mixed phase (gas and

liquid) fuelled flare which may emit unburned liquid fuel is

∑
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Production rates of all gas species excluding the unburned
liquid fuel, CpHq, can then be defined by eq 24, which is a
modified version of eq 13, where subscripts FL and FG indicate
liquid and gas phases in the flare stream, respectively. The
production rate of soot can be defined by eq 21.
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Industrial & Engineering Chemistry Research Article

dx.doi.org/10.1021/ie502914k | Ind. Eng. Chem. Res. XXXX, XXX, XXX−XXXG



In eq 24, {nĊpHq,FL}combusted is the portion of the liquid fuel
that successfully combusts to produce gas phase products and
it is assumed that the mean carbon number and molecular
weight of the unburned liquid fuel is the same as that of the
liquid fuel in the flare stream. From this derivation of species
production rates, the liquid fallout can be quantified using the
tracer measured plume flow rate eq 22 and a carbon balance of
the reaction based on eq 23.
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3. QUANTIFYING ANTICIPATED UNCERTAINTIES FOR
A RANGE OF OPERATING CONDITIONS

The effects of key assumptions were evaluated using synthetic
data for which a flare gas composition by volume of 88.01%
methane, 7.28% ethane, 3.21% propane, and 1.50% butane was
assumed. To estimate the achievable uncertainties associated
with each method, a range of flare efficiency and dilution
scenarios were simulated using typical bias errors for each input
variable. To reduce the number of parameters needed to define
the product composition of the synthetic data, the form of the
emitted product species was fixed as follows: fuel-bound carbon
not fully oxidized to CO2 was emitted as soot (fixed at 0.1% of
the fuel-bound carbon), CO (10% of the non-CO2 gas-phase
carbon), and unburned hydrocarbons (90% of non-CO2 gas-
phase carbon, in the same relative volume fractions as the raw
fuel). NOX emissions were fixed at the EPA suggested emission
factor22 of 0.068 lb NOX /106 BTU.
For the purpose of calculating uncertainties, the assumed

measurement bias uncertainty on gas species concentrations
was the larger of 2% of the measured value or a prescribed
detection limit for low concentrations (1.0, 0.5, or 0.1 ppmv
depending on scenario), which is typical of many commercial
gas analyzers. The concentration of tracer gas in the plume was
held at 50 ppmv independent of combustion efficiency and
dilution ratio. The assumed bias uncertainty on measuring the
tracer gas was 2 ppbv, which is attainable with commercially
available modern gas analyzers specifically tailored for the
chosen tracer species. Soot volume fraction was assumed to be
measurable with relative bias uncertainty of 20%, and soot
density was assumed to be known to a relative bias of 4% or
75.6 kg/m3 as prescribed by McEwen.21 The bias used for the
flare gas flow rates in the synthetic cases was 1.25% of the

individual species flow rate, where the total fuel mass flow bias
was the root sum of squares of the bias of the individual fuel
species. Bias on the plume temperature and pressure was 2.2 K
and 15 Pa, respectively.

3.1. Anticipated Uncertainties in Measured Combus-
tion Efficiency. The expected uncertainty on measured
combustion efficiency was evaluated considering the products
of combustion as defined above. Efficiency was calculated based
on each of the three methods derived in sections 2.2, 2.4, and
2.5, and uncertainty was determined using the detailed expres-
sions shown in the SI, which were derived in accordance with
ANSI/ASME procedures for estimating uncertainties.23 The
shaded bands in Figure 3a represent the range of possible
uncertainty for a given detection limit and dilution ratio over
the range of uncertainties tested. The uncertainty in mea-
sured efficiency increases as the sample becomes more dilu-
ted and the concentrations of various species in the plume
approach their respective detection limits. The uncertainties
calculated for the gas-phase and mixed-phase expressions were
negligibly different for the soot production rate tested (0.1% of
fuel-bound carbon), as such only the mixed-phase uncertainties
are shown below. Additionally, detection limit changes made a
negligible difference on the uncertainty of the tracer injection
method as CO2 concentrations were always high enough so
that the uncertainty was dictated by assumed 2% bias on the
measured value.

3.2. Anticipated Uncertainties in Measured Species
Emission Rates. The calculation of a species emission rate or
species yield (mass production rate normalized by fuel mass
flow rate) is dependent on the intermediate calculation of the
plume flow rate. Two methods are presented for evaluating the
plume flow rate based on either an indirect method utilizing a
carbon balance as developed in section 2.2, or using a gaseous
tracer injection for direct measurement as developed in section
2.5. The inherent advantage of direct plume measurement is
that an instrument with high accuracy specifically targeted
to measure the chosen tracer gas will result in a uniform
uncertainty across all dilution ratios (for a constant tracer
concentration), whereas the uncertainty of the indirect method
will increase with dilution ratio. Figure 3b plots the relative
uncertainties on a general species yield for the two methods at
various dilution ratios and species yields. At low yields, the
uncertainty grows exponentially as the concentration measured
in the plume approaches the detection limit. Product dilution,
as mentioned previously, has an important effect on the un-
certainty of the indirect method across the range of species
yields. For the direct method, product dilution has little effect
at high yields until eventually the uncertainties rise as the mea-
sured concentrations of the emitted species being quantified
approach the detection limit. Thus, at high species yields and/or
low dilution ratios, the achievable relative uncertainty for the
tracer injection method is approximately 1.35% lower than the
carbon-balance method; at low species yields and/or high
dilution ratios, the tracer injection method for quantifying
species emissions can maintain this improved uncertainty until
species detection limits are reached. In the case of 0.1 ppmv

bias error on the species of interest, the difference between
the relative uncertainties of the two methods will increase
(for a given yield/dilution ratio) making the tracer injec-
tion method preferable for quantifying species yields over this
range.
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4. DEMONSTRATION EXPERIMENTS AND
COMPARISON OF METHODOLOGIES AND
UNCERTAINTIES

Measurements utilizing the methods outlined above were taken
in April 2014 at the Carleton University lab-scale flare facility.
The facility features a modular burner centered under a large
hexagonal exhaust hood (3.4 m included diameter), for which
the entrance plane is 3.14 m above the floor beneath the
burner. The exhaust hood connects to a 40.6 cm round steel
duct which provides exhaust extraction using a variable speed
fan capable of drawing ∼100 000 LPM. Sampling is conducted
10.6 m downstream through ports installed in the duct.
Samples are drawn through heated sample lines to measure-
ment instruments via vacuum pumps. The flare is operated such
that all products of combustion are collected and diluted, which
results in a minimum fixed operational exhaust fan setting for a
given fuel mass flow rate. As such the dilution of the products is
not directly controlled. Gas-phase analysis is accomplished
using a MKS 2030 FTIR instrument which measures up to 20
species of interest simultaneously. Reported bias uncertainties
for species of interest measured using the FTIR instrument are
0.15 ppmv, 0.10 ppmv, 0.15 ppmv, 0.30 ppmv, 0.50 ppmv, and
0.05 ppmv for CO, CH4, C2H6, C3H8, NO, and NO2, respec-
tively. The tracer gas used in the tests presented was acetylene,
and measurement of the tracer gas was conducted with the
same gas analyzer previously mentioned. As such, bias un-
certainties on the measured tracer concentration was the
greater of 2% or 0.3 ppmv. Soot volume fraction was con-
tinuously measured using an Artium LII 200 instrument, with
an estimated bias uncertainty of 20%. Four flare gas mass flow
rates ranging from 0.488 to 2.15 g/s were tested on a 38.1 mm-
diameter flare tip. The fuel was set to consist of 85.24%
methane, 7.06% ethane, 3.11% propane, 1.44% butane, 1.91%
carbon dioxide, and 1.24% nitrogen, which is consistent with
gas flared at battery sites in the upstream energy industry.13

Mass flow controllers were individually calibrated to have bias
uncertainties averaging ∼1.33% of the set point. The relevant
data to be examined in this paper are the uncertainties in mea-
sured combustion efficiency, soot yield, and various gas species
emission rates. Each flare gas flow rate was tested at the maxi-
mum fan speed and exhaust flow rate to produce the highest
possible dilution for the tested flaring rates. The numbered

designations for each test, as well as the flare gas flow rate and
dilution ratio are outlined in Table 2.

4.1. Combustion Efficiency Measurements and Dis-
cussion. Combustion efficiency has been evaluated using
the mixed-phase carbon-balance method (section 2.4) and the
tracer injection method (section 2.5). The uncertainties on the
experimental results as seen in Figure 4a reflect the magnitudes
suggested by the synthetic data in Figure 3a. The high precision
of the carbon-balance method results from only trace emissions
of non-CO2 carbon-based species relative to the produced CO2.
The much greater uncertainties of the tracer injection method
result from the uncertainty on the measured concentrations of
carbon dioxide and tracer gas in the diluted plume.

4.2. Calculated Species Yields for Various Methods.
Species yields and the associated uncertainties have been
evaluated for soot and NOX as plotted in Figure 4b. The species
yields calculated with the carbon-balance and tracer injection
methods agree to within ∼5% for a given test case and species.
This discrepancy is insignificant compared to the uncertainties
on the calculated yields. The relative uncertainty for a given test
and species is slightly smaller for the tracer injection method
when compared to the carbon-balance method, although the
difference is limited by the ability to accurately measure the
tracer gas with current instrumentation. The uncertainty in soot
yield with either method is dominated by the 20% assumed
bias on the measured soot volume fraction. For NOX, the
uncertainty is dominated by low plume concentrations relative
to the species detection limit. The decreasing relative un-
certainties from tests 1 to 4 are a result of decreasing dilution
and therefore higher plume concentrations of relevant species.
Combustion product dilution ranged from ∼216 for test 1 to
∼40 for test 4. In the current experiment, all gas species
including the tracer gas were measured using the same
instrument (MKS 2030 FTIR Gas Analyzer). Future experi-
ments may allow for the use of a device tailored specifically for

Table 2. Experimental Operating Conditions

test number flare gas flow rate (g/s) dilution ratio

1 0.488 216
2 0.878 110
3 1.464 65
4 2.147 40

Figure 3. (a) Expected absolute uncertainty on measured combustion efficiency (e.g., 99% ± 4% equates to a range of 95−103% at a dilution ratio of
200 using the tracer injection method) evaluated with eq 12 and corresponding SI. (b) Expected relative uncertainty on measured species yield (e.g.,
1.0 kg/kg ±10% (0.1 kg/kg)) evaluated using eq 13 with plume flow rate defined by eq 11 (carbon-balance) and eq 22 (tracer injection).
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measurement of the chosen tracer gas (e.g., cavity ring-down
gas analyzers are readily available for the tracer (acetylene) used
in the current experiment), which will result in reduced
uncertainties for the tracer injection method.

5. CONCLUSIONS

Two complementary analytical approaches were developed for
quantifying the combustion efficiency and species emission
rates from gas flares represented as turbulent nonpremixed
flames. The first approach used a carbon-balance to link known
flare gas variables to measurable gas or gas- and particulate-
phase (soot) carbon emissions. The second method utilized a
tracer gas injected into the diluted combustion plume to enable
direct relation of measured species concentrations and emission
rates. Detailed expressions were derived to enable quantitative
evaluation of measurement uncertainties, and the accuracies of
the methods were compared alongside other calculations in the
literature over a wide range of potential scenarios. Experiments
were also performed to further test and validate the derived
methods. Analysis of results revealed that the carbon-balance
approach generally provides much lower uncertainties when
calculating combustion efficiency. However, for species yields,
the experimental data suggest that both methods produce
similar uncertainties using the current experimental instru-
ments, and significantly improved uncertainties could be
expected when using the tracer injection method with a high-
precision analyzer specifically suited for measuring the chosen
tracer gas.
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